ABSTRACT ALGEBRA QUALIFYING EXAM PROBLEM SESSION:
GROUPS AND GROUP ACTIONS

CALEB SPRINGER

Let me know if you find typos or have questions!
Email: cks5320@psu.edu

Unless noted otherwise, the questions come from:
The Pennsylvania State University’s Abstract Algebra Qualifying Exam
(2008-2020).
https://math.psu.edu/graduate/qualifying-exams

1. GENERATORS AND RELATIONS

Problem 1 (Spring 2011). Suppose we have an abelian group given by gen-
erators x, y, z and relations

20+ 6y +42=0
dr 4+ 2y + 102 =0
6x — 2y + 162 =0

Find a product of cyclic groups isomorphic to this group.

Problem 2 (Spring 2012). Suppose we have an abelian group given by gen-
erators x, y, z and relations

3r+2y+42=0
20 —y+ 102 =0
Sr+ 3y —2z=0

Find a product of cyclic groups isomorphic to this group.
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Problem 3 (Fall 2014). Let M be the cokernel of the mapping from Z* to 73
given by the matriz

2 8
4 10
6 12

How many Z-module homomorphisms are there from M to Z/37 %

Problem 4 (Fall 2020). Let M be a free abelian group of rankn. Let N C M
be a subgroup of the same rank. Choose a basis {x1,...,x,} of M and a basis
{y1, ..., yn} of N, and expand

n

yi:Zaijxj, 1< <r, Qij € 7.
j=1

Let A be the n x n matriz (a;;) whose i-th row consists of the coefficients in
the expansions of y;. Prove that M/N is a finite group of order | det(A)|.

1.1. Check your answers: Some of the problems in this section have re-
quired calculating the Smith Normal Form of a matrix with integer coeffi-
cients. You can easily check your answers with the SageMathCell calculator
https://sagecell.sagemath.org/. Sage is an open-source option for com-
putations regarding abstract algebra, number theory, and other subjects. It
is based on Python, and this webpage is useful for small computations, like
the one below.
Example: Type the following into the SageMathCell calculator.

M = Matrix( [[1,2,3],[4,5,6],[7,8,911)
M.smith_form()

1 23 100
This computes that the Smith Normal Form of |4 5 6] is [0 3 Of.
78 9 000

(There will be two other matrices listed, and these are simply the change of
basis matrices U and V' so that the Smith Normal Form is equal to UMV.)

Warning: Ultimately, you need to be able to do all computations by hand
on the qualifying exam! Make sure you don’t get too reliant on calculators.
I just recommend the calculator as a way of checking yourself.
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2. SIMPLICITY
Problem 5 (Fall 2008, Spring 2017). No group of order 72 is simple.

Problem 6 (Spring 2009). Show that no group of order 392 can be simple.

(
(
Problem 7 (Fall 2010). Show that no group of order 10,000 can be simple.
Problem 8 (Fall 2013). Show there is no simple group of order 108.

(

Problem 9 (Spring 2013). Show that a group of order 36 cannot be simple,

Problem 10 (Spring 2014). There is no simple group of order 96.

3. CLASSIFICATION OF GROUPS

Problem 11 (Spring 2011). Let G be a finite group of order 91 = 7 - 13.
Prove that G 1is cyclic.

Problem 12 (Fall 2015, Spring 2019). Let G be a group of order 30. Show
that G has a normal subgroup that is cyclic of order 15.

Problem 13 (Fall 2011). Determine the number of nonisomorphic commu-
tative groups of order 360 = 23325 exist, and write each one as a product of
cyclic groups of prime power orders.

Problem 14 (Spring 2015). Let p be a prime number. Classify, up to iso-
morphism, all group of order 2p.

Problem 15 (Fall 2016). Determine, up to isomorphism, all groups of order
35.

Problem 16 (Fall 2020). List all finite groups which have the property: If
g,h € G, then either g is a power of h, or h is a power of g.

Problem 17 (University of Michigan, August 2020). Counting up to isomor-
phism, how many abelian groups G are there such that G is generated by 3
elements and g* =1 for all g € G?
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4. GROUP ACTIONS

Problem 18 (Spring 2010, Fall 2011). Let H be a group of order 5"7% for
integers r > 0, s > 0 and suppose that H acts on a set X with 23 elements.
Prove that some element of X 1is fixed by the action.

Problem 19 (Fall 2012). Show that the alternating group Ag has no subgroup
of order 72 =06-4-3. You may use the fact that Ag is simple.

Problem 20 (Fall 2014). Let G be a finite group of order p", where p is
prime and n > 1. Suppose G acts on a finite set S. Let S" be the subset of S
consisting of elements fized by G':

S'={reS:gr=uaVgeG}.
Prove that the order of S’ is congruent to the order of S modulo p.

Problem 21 (Fall 2017). Let S be a set of all elements of order 7 in the
alternating group Az. Prove that S is not a conjugacy class in Az.

Problem 22 (Spring 2018). A group G is said to act faithfully on a set X
of cardinality n if the corresponding homomorphism ¢ : G — S, is injective.
Show that an abelian group of order 100 cannot act faithfully on a set with
13 elements. (Hint: Consider the 5-Sylow subgroup H of G and determine
its centralizer in Si3.)

Problem 23 (Stanford, Fall 2009). Let G' be a nontrivial finite group and p
be the smallest prime dividing the order of G. Let H be a subgroup of index
p. Show that H is normal. (Hint: If H isn’t normal, consider the action of
G on the conjugates of H.)

Problem 24 (Stanford, Spring 2011). (a) Prove that if G is a finite group
and H 1is a proper subgroup, then G is not a union of conjugates of H.
(Hint: The conjugates all contain the identity.)

(b) Suppose G is a finite transitive group of permutations of a finite set X of

n objects, n > 1. Prove that there exists g € G with no fixed points in X.
(Hint: Use part (a).)

5. SUBGROUPS (MISCELLANEOUS)

Problem 25 (Fall 2010). Let S7 be the group of all permutations of the set
{1,2,3,4,5,6,7}. Let g = (123)(4567) € S7 be the product of a 3-cycle and a
4-cycle that are disjoint. Let G denote the subgroup of S7 generated by g.
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(a) What is the order of G?

(b) How many conjugates does g have in Sy ¥

(¢) What is the order of the centralizer of g in S;?

(d) How many distinct conjugates hGh™, h € Sy does G have?

Problem 26 (Spring 2012). Let S; be a family of subgroups in some group
G. Suppose that an element x; € G 1is chosen for each i, and we form the
intersection of all the cosets x;S;. Prove that the intersection is either empty
or a coset of the intersection of all the S;.

Problem 27 (Fall 2018). Let G and H be finite groups. Show that every
p-Sylow subgroup of G x H 1is of the form P x Q) for P a p-Sylow subgroup
of G and () and p-Sylow subgroup of H.

Problem 28 (Fall 2019). Let H be a subgroup of a group G of index 3. Show
that either H is normal or H has a subgroup N of index 2 in H such that N
1s normal 1 G.

Problem 29 (Stanford, Fall 2014)). Suppose G is a group of odd order and p
is the smallest prime dividing |G|. If the p-Sylow subgroup S C G is normal
and has order p* or p, prove that S is contained in the center of G.

6. SOLVABLE GROUPS

Problem 30 (Fall 2009). Every finite group contains a unique mazximal nor-
mal solvable subgroup.

Problem 31 (Spring 2009). Prove that if H and K are solvable subgroups
of G and K 1is normal in G, then HK 1is solvable in G.
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